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This master thesis presents a method for the design of two-dimensional ducts in irrotational 

compressible flow. The method is based on a transformation of variables from the physical ��  
plane to a computational ��  plane, where	� is the velocity potential and � is the stream 

function. This coordinate transformation results in a strongly non-linear partial differential 

equation that requires a careful numerical treatment. The equation is deduced and a numerical 

procedure based on finite differences is presented. The numerical procedure is used in a 

computational program written in FORTRAN and using the PETSc libraries. This program is 

used in test cases and the results are presented and discussed. A result validation is made 

whenever possible. 
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Introduction 

 The methods used to design a 

system that includes fluids can be divided in 

two main groups: direct and inverse 

methods. In the former case, a geometry is 

arbitrated and analyzed. If the results are 

not acceptable, the geometry is modified 

and reanalyzed. This kind of approach has 

the disadvantage of frequently leading to a 

large number of iterations in the design of 

the duct, with the consequent usage if time 

and computational resources. 

 Alternatively, the inverse methods 

encompass the imposition of the velocity or 

pressure distribution on the walls of the 

duct and, through an adequate 

mathematical formulation, the calculation of 

the geometry that produces said 

distributions. In this way, the geometry is 

calculated immediately, with no need for 

further iterations. However, this methods 

need to have a more complex and careful 

mathematical treatment as they frequently 

lead to ill posed problems, without a valid 

physical interpretation. 

 Some approaches to the problem 

have been presented by Lewis [1], which is 

based on the theory of surface vorticity, and 

by Scascighini and Troxler [2], which is 

based on the inverse formulation of the 

Euler equations. 

 The problem of initial conditions 

generating ill posed problems was 

approached by Volpe and Melnik [3], who 

included a free parameter in the imposed 

pressure, which is adjusted during the 

iterative process in order to ensure the 

existence of a solution. 

 Looking at the amount of published 

work in the subject, it is possible to foresee 

that the advantages outweigh the 

disadvantages. The present work is base 

on the paper by Borges [4] which proposes 

a method for the computation of the walls of 

an unbranched channel in irrotational, 

incompressible flow, involving a 

transformation of variables from the 

physical �� plane to the computational �� 
plane (where � stands for the velocity 
potential function and � stands for the 
stream function). This transformation 



2 
 

makes the computational domain a 

rectangle which is easy to discretize 

geometry. A similar approach is proposed 

by Stanitz [5], where the variable 

transformation is defined by the local 

adimentionalized velocity and the velocity 

potential and stream functions. A numerical 

method for the design of airfoils for 

cascades, based on the previous method, 

is outlined by the same author on a later 

paper (Stanitz [6]). An extension of the 

method to the tree-dimensional case was 

presented by Stanitz [7], where two stream 

functions and one velocity potential 

function. 

 The work presented here is an 

expansion of the paper by Borges [4] to the 

compressible flow case. In this case, the 

variable transformations result in strongly 

non-linear partial differential equations, both 

in the boundaries and the core of the 

domain. 

Theoretical Formulation 

 This method is based on the 

assumption that the flow is irrotational and 

two-dimensional. Under this condition the 

velocity can be expressed as: 

 	��� = ∇� (1)  

and the velocity components are: 

 

��
� = ���� = ��
� = ���� = ��

� (2)  

 The variables in subscript indicate a 

derivative in relation to that variable. The 

velocity components can be expressed by 

derivatives in the stream function using the 

continuity equation resulting in: 

 

���
� � = 1� ���� = 1���
� = −1� ���� = −1���

� (3)  

where � is the local density 

 Combining equations (2) and (3) 

yields: 

 

��
 �� = 1���
�� = −1���

� (4)  

 The objective is the calculation of � 
and � using � and � so it is necessary to 
reverse the equations, using the 

expressions deduced by Thompson et al. 

[8], which becomes 

 

��
 �� = ������ − ������ = − ������ − ����

� (5)  

 

��
�� = − ������ − ������ = ������ − ����

� (6)  

when applied to the current formulation. 

The common denominator has an important 

geometrical interpretation, being the 

Jacobian of the transformation: 

� = ���� − ���� = 1� ��� + ����  (7)  

The transformation in only defined if � ≠ 0 
and � ≠ ∞. 

 Replacing equations (5) and (6) in 

equation (4) results in: 

 

��
 �� = 1� ��
�� = −1� ��

� (8)  

 In this context, the continuity 

equation can be expanded as: 

 �∇�� + ���� + ���� = 0 (9)  

 The density derivatives in (9) were 

calculated re-using the expressions in 

Thompson et al. [8] which become: 

 �� = ���� − �����  (10)  
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 �� = ���� − �����  (11)  

 The derivatives of the density in (10) and 

(11) were calculated using an equation 

presented in Anderson [9]: 

 �� = − �2!� �"�
�#��  (12)  

where ! is the local speed of sound and � 
is the magnitude of the local velocity. 

 By the definition of magnitude: 

 �� = �� + �� (13)  

Inserting equations (2) and (5) yields: 

 �� = ��� + ����� = 1�� (14)  

 Inserting expressions (5) and (6) in 

equation (9), using equations (8) to 

eliminate the � variable and equations (10) 
trough (12) and (14) yields, after further 

simplifications: 

 $1 − ���!�"��#� − ����� % ���
+ $1 + �����!�"��#� − ����� % ����� = 0 (15)  

 It is possible to see that the 

equation becomes Laplace’s equation when 

the speed of sound approaches infinity (the 

density can be eliminated through an 

adequate adimensionalization), reverting to 

the incompressible equation. 

 The imposed boundary condition is 

the distribution of velocity on the duct walls. 

From equation (14) one can write: 

 ��� + ����� = 1�&� (16)  

where the subscript ' refers to values on 
the wall. Considering ( the distance along 
the walls: 

 �& = �&"(# (17)  

 As the equations include 

compressibility corrections, it is necessary 

to calculate the local density, Mach number 

and speed of sound. The local speed of 

sound is computed rearranging equation 

3.32 of Anderson [9]: 

 ! = )!*� − + − 12 �� (18)  

where + is the adiabatic expansion 

coefficient and  !* is the stagnation speed 
of sound. The Mach number is the quotient 

of the local flow velocity and the local speed 

of sound. 

 The density is calculated with the 

expression that relates the stagnation 

density and local density for isentropic flow 

[10]: 

 � = �* ,1 + + − 12 -�./ 01/0
 

(19)  

 For the numerical procedure it is 

convenient to impose the velocity as a 

function of �. This way the boundary 
conditions can be directly imposed in the 

method formulation. This is accomplished 

considering that, along a streamline: 

 � = ���( ⟹ � = 3�4( (20)  

This integral provides the function �"(#, 
which is replaced in (17) yielding: 

 �& = �&"�# (21)  

 In the upstream and downstream 

boundaries, the flow is considered uniform 

and so: 

 ��� = 0 (22)  

 Equation (15) and the boundary 

conditions just exposed define the value of 

the � coordinate in the computational 

domain. To calculate the distribution of � 
we integrate equations (8): 

 � = − 3 ���4��56789:
 (23)  
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 � = 3 1� ��4��56789:
 (24)  

These equations allow the calculation of � 
along a streamline (23) and between 

streamlines (24). 

Implementation 

 To solve the problem presented, a 

computational program was developed in 

FORTRAN. Instead of constructing a solver 

from the beginning, which is a potentially 

long process [11], the PETSc suit was used 

[12] [13] [14]. 

 Due to the variable transformation, 

the computational domain is always 

rectangular. So, equation (15) can be 

discretized using central differences. The 

non-linearities are condensed in factors that 

are recalculated whenever necessary. The 

resulting discretized equation is: 

 ; <�=/0,? − 2�=,? + �=@0,?AΔ��
+ C <�=,?/0 − 2�=,? + �=,?@0AΔ��= 0 

(25)  

 The boundary conditions resulting 

from the imposed velocity were also 

discretized using central differences, 

requiring the consideration of a fictional 

point outside the domain. This point is 

eliminated using equation (25).  

 To facilitate the edition, the input 

data was written in a “.DAT” file. The 

necessary parameters are: the imposed 

boundary velocity, the flow rate, the number 

of mesh points in each direction, the � 
coordinate of the upstream boundary and a � coordinate of an arbitrary point as well as 
the �� coordinates of the same point. 

Additionally, the stagnation properties of the 

fluid (speed of sound and density) and the 

adiabatic expansion coefficient are also 

needed to perform the compressibility 

corrections. From the execution point of 

view, it is also desirable to define the 

accepted tolerance and the maximum 

amount of iterations as stopping criteria. 

 The Newton method with line 

search was used to solve the non-linear 

equations system. This method requires a 

good first approximation to effectively solve 

the problem. In this work, the first 

approximation assumes that the �� 
derivative is constant along an equipotential 

line. Equation (16) can then be rearranged 

as: 

 �� = ) 1�&� − �����  (26)  

On the other hand, as the computational 

grid is rectangular: 

 �=,& = �=/0,& + ��∆� (27)  

Using these equations it is possible to 

iterate a good first approximation with a few 

steps (6 used in the examples shown). For 

Asymmetric velocity distributions, this 

approach may not produce a good enough 

approximation. So, a pair of smoothing 

functions is used. The first one is taken 

from Borges [4] and corrects the �-spacing 
with the expression: 

 "∆�#E@0 = "∆�#E $1 + F�GHIJE
�G − 1K

× M∆�∆�N
E �G6IJ% 

(28)  

where the O!P subscript refers to calculated 
values and the Q superscript refers to the 
iteration number. The other function is 

taken from the book Applied Analysis [15] 

and is: 

 �=.& = 0ST <−3�=/�,& + 12�=/0,& ++17�=,& + 12�=@0,& − 3�=@�,&#  (29)  

 Both these functions are smoothing 

functions that eliminate the derivative 

discontinuity that the approximation 

sometimes produces. These functions are 

used a different number of times after the 

first approximation. 
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 The � coordinate is calculated 

using the trapeze method for numerical 

integration. 

 The images and graphs presented 

here where all made using MATLAB which 

is easier to work with. 

Results 

 The results obtained with the 

computer program are presented below. 

The imposed velocity distribution is the 

same for cases I and II and is shifted 

forward in the upper wall for case III. These 

distributions are the same as presented by 

Stanitz [5] to facilitate the comparison of 

results. 

Case I – Symmetrical duct in 

incompressible flow 
 

 The first case is the symmetrical 

converging duct in incompressible flow, 

using the mentioned imposed velocity 

distribution. In the input data, the stagnation 

speed of sound was set to 340X/( so the 
flow speed remains purely incompressible. 

The geometric results are shown in figures 

1 and 2. It is quickly realized that the values 

represented in the computational plane as 

shown in figure 1 have a difficult 

interpretation. This is a slight disadvantage 

of the method as a plot in the physical 

plane is easily drawn (figure 2). The results 

are for a mesh of 257x33 divisions. 

 

Figure 1 – Contour Lines of constant Z and [ in the \] 
plane for Case I 

 

Figure 2 – Streamlines and equipotential lines in the 
physical Z[ plane for case I 

 The obtained ratio between 

upstream and downstream width is 2. This 

is what was expected from the continuity 

equation for incompressible flow in steady 

state. 

 The relative error between the 

imposed and the calculated velocity 

distribution is plotted in the following image: 

 

Figure 3 – Magnitude of the relative error between the 
calculated and the imposed velocity for Case I 

 The error peaks a little under 2 × 10/S. Considering that the mesh has 

257 divisions along the � direction we can 
conclude that the error is mostly 

discretization error. 

Case II – Symmetrical duct in 

compressible flow 
 

 The second case is the symmetrical 

converging duct in compressible flow. In 

this case, the stagnation density and the 

adiabatic expansion coefficient were set as 

air at mean sea level. The stagnation speed 

of sound, however, was set so the initial 

velocity corresponds to a Mach number of 

� � 
�

X Constant  

Y Constant  

� � 
�
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0.4. Using equation (18) for the same initial 

velocity as the previous example, we obtain 

a stagnation speed of sound of !* = 1.270. 
The geometric results obtained are 

presented in images 4 and 5. These results 

refer to a mesh of 65x9 divisions. 

 

Figure 4 - Contour Lines of constant Z and [ in the \] 
plane for Case II 

 

Figure 5 - – Streamlines and equipotential lines in the 
physical Z[ plane for case II 

In this case, the continuity equation takes 

the variation of density in account and 

becomes: 

 �^_^�̂ = �`_`�̀  (30)  

which is valid for uniform flow. Here the 

subscripts a and b refer to conditions 
upstream and downstream respectively and _ is the local width. For this situation, the 
theoretical ratio of widths is  

cdce = 1.554. 
The obtained value is 1.553, which is very 
close to the theoretic calculations. 

 Once again, the relative error 

between the imposed and the calculated 

velocity is plotted in the image below: 

 

Figure 6 - Magnitude of the relative error between the 
calculated and the imposed velocity for Case II 

 In this case, the error peaks slightly 

below 7 × 10/S which again means that the 

error is mostly related to discretization 

errors. 

Case III – Elbow duct with a 

total deflection of about 90 

degrees in incompressible flow 
 

 In this case, the conditions are 

exactly the same as in case I, only the 

prescribed velocity distribution on the upper 

boundary is shifted 2.25 units in the positive � direction. The mesh used was again 

257x33. The geometric results are shown in 

images 7 and 8. 

 

Figure 7 - Contour Lines of constant Z and [ in the \] 
plane for Case III 

 

Figure 8 - Streamlines and equipotential lines in the 
physical Z[ plane for case III 

 As it is possible to see, the shift in 

the imposed velocity distribution leads to a 

Y Constant  

X Constant  

� � 
�

� � 
�

� � 
� Y Constant X Constant  

� � 
�
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deflection. In this case, the calculated angle 

is −90°. According to Stanitz [5], the 

theoretical angle is −89.37°, which means a 

relative error of 0.00705. 

 Once again, the distribution of the 

relative error in the calculated velocities is 

represented in the image below. 

 

Figure 9 - Magnitude of the relative error between the 
calculated and the imposed velocity for Case III 

The continuous line refers to the lower 

boundary and the dashed line refers to the 

upper boundary. This time the error is 

substantially greater, peaking at 0.052933 

on the lower wall and 0.014698 on the 

upper wall. The main reason for the error is 

the difficulty the numerical method has of 

handling curvatures, specifically, during the 

first approximation phase. In fact, during 

the numerical testing, convergence was 

only possible when the smoothing 

functions were applied to the initial 

approximation. Hence, it is reasonable to 

conclude that a better initial 

approximation will yield better results. 

Conclusion 

 An inverse method for the design of 

ducts in compressible flow was presented. 

The method is based on the use of a 

computational domain different from the 

physical one and transformation of the 

coordinates. The � coordinate value is 
calculated through the partial differential 

equation that describes the problem and 

the � coordinate value is numerically 

integrated from �. 
 A computational program, written in 

FORTRAN, applying the method was 

presented. The Newton method was used 

for the computation of the solution and was 

applied with the PETSc suite. The 

dominium discretization was made using 

central differences.  

 Three case studies were presented 

and discussed. The first approximation was 

found to be one of the most critical factors 

in the convergence of the method. It is 

worth mentioning that the case of the elbow 

in compressible flow did not achieve 

numerical convergence, hence not being 

mentioned here. 
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